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SOME GEOMETRIC PROPERTIES OF THE BAKRY-EMERY-RICCI 

TENSOR 

JOHN LOTT 


Abstract. The Bakry-Emery tensor gives an analog of the Ricci tensor for a Riemannian 
manifold with a smooth measure. We show that some of the topological consequences of 
having a positive or nonnegative Ricci tensor are also valid for the Bakry-Emery tensor. 
We show that the Bakry-Emery tensor is nondecreasing under a Riemannian submersion 
whose fiber transport preserves measures up to constants. We give some relations between 
the Bakry-Emery tensor and measured Gromov-Hausdorff limits. 


1. Introduction 

When considering the metric strnctnre of manifolds with lower Ricci cnrvatnre bonnds, 
it is natnral to carry along the extra structure of a measure and consider metric-measure 
spaces. This is especially relevant for collapsing, and has been discussed by Cheeger-Colding 
[8, 9, 10], Fukaya [15] and Gromov [17, Chapter 3|]. 

In this paper we consider smooth metric-measure spaces. Let M be a connected n- 
dimensional Riemannian manifold, with metric g. Let dvolM denote the Riemannian density 
on M. Let 0 be a smooth positive function on M. Then (M, 0 (IvoIm) is a smooth metric- 
measure space. For reasons coming from the study of diffusion processes, Bakry and Emery 
[4] defined a generalization of the Ricci tensor of M by 


RiCoo = Ric — Hess (In 0). 


( 1 . 1 ) 


In terms of indices, (RiCoo) = RiCa/j — (In^);^/?. 

It turns out that the Bakry-Emery tensor (1.1) has interesting connections to logarithmic 
Sobolev inequalities, isoperimetric inequalities and heat semigroups. We refer to [2] and [19] 
for information on these connections. (In fact, Bakry and Emery defined their tensor in a 
more abstract setting than what we consider.) 
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We are interested in the geometric implications of bounds on the Bakry-Emery tensor. 
As in [20], let us dehne a related tensor RiCg. Given q G (0, cx)), put 


RiCg = Ric — Hess(ln0) — - dlncj) 0 dlncj) 


( 1 . 2 ) 


= Ric 


Hess((;/)) 


+ 1 


dcj) d(() 


qj 0 


Hess 


= Ric — q 


Clearly, if Ric^ > r g then RiCoo > r g. In the terminology of [3], a condition of the form 
RiCq > r g implies a curvature-dimension inequality CD(r, n + q). 

Our Erst result extends some classical topological results about the Ricci tensor (i.e. when 
0 is constant) to the setting of the Bakry-Emery tensor. 


Theorem 1. Suppose that M is connected and closed. 

1. //RiCoo >0 themTi{M) is finite. 

2. If RiCg > 0 and q G (0, cx)) then ni{M) has a finite-index free abelian subgroup of rank 
at mosfin. 

3. //RiCoo > 0 then is isomorphic to the linear space of parallel 1-forms on M 

whose pairing with gTcid{(()) vanishes identically. In particular, i/RiCoo > 0 thenhi{M) < n. 
//RiCoo > 0 and bi(M) = n then M is a fiat torus and 0 is constant. 

4 . //RiCoo < 0 then the isometry group of {M,g) is finite. 

5. If RiCoo < 0 then any Killing vector field on (M, g) is parallel and annihilates 0. 

Remark : Theorem 1.2 is a strengthening of [20, Theorem 6 ], which says that if RiCg > 0 
and q G (0, cx)) then nfiM) has polynomial growth of order at most n + q. 


The proofs of parts 3-5 of Theorem 1 use a Bochner-type identity. If the pair {g, 0) is only 
n Ef ^-regular then one can use this identity to still make sense of the notion RiCoo ^ r g 
or RiCq > r g (see Definition 1 of Section 2). 

An important result in the study of manifolds of nonnegative sectional curvature is 
O’Neill’s theorem, which says that sectional curvature is nondecreasing under a Riemann- 
ian submersion [7, Chapter 9]. We show that there is a Ricci analog of O’Neill’s theorem, 
provided that one uses the Bakry-Emery tensor and assumes that the fiber transport of the 
Riemannian submersion preserves measures up to multiplicative constants. 

Suppose that a Riemannian submersion p : M ^ B has compact fiber F. Put Ff, = p~^{b). 
Given a smooth curve 7 : [0,1] —R and a point m G Ry(o), let p(m) be the endpoint 7 ( 1 ) 
of the horizontal lift 7 of 7 that starts at 7 ( 0 ). Then p is the fiber transport diffeomorphism 
from F^(o) to Ry(i). 

Given the positive function 0^ on M, define 0*®, a smooth positive function on B, by 

p*(0^ dvoW) = 0® dvolg. 


(1.3) 
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— M — B 

Let RiCj^ and Ric^^ denote the corresponding Bakry-Emery tensors. Let dvolp denote the 
hberwise Riemannian density. 

Theorem 2. Suppose that fiber transport preserves the fiberwise measure fiu dvolp up to a 
multiplicative constant, i.e. for any smooth curve 7 : [0,1] — B, there is a constant > 0 

such that p* I (p^ dvoliy^^j I = c^y dvolp^f^Qy 

V -Rii) / Rco) 

1. For any r G M, if Ric^ > rg then RiCj,^ > r g . 

2. Suppose in addition that = 1. Put q = dini(F). For any r G M, if Ric^ > r g^ 

~B 

then Ric > rg . 


Using Theorem 2, we show a relationship between RiCg and collapsing. 

Theorem 3. 1. Given r G M and an integer q > 2, let (R,0) be a smooth closed mea- 

~ B 

sured Riemannian manifold with Ric^ > r g^. Then (R,0) is the measured Gromov- 
Hausdorjf limit of a sequence of {n + q)-dimensional closed Riemannian manifolds {Mi,gi) 
with Ric{Mi, gi) > r gi. 

2. Let {{Mi, gi)}°fi^ be a sequence of N-dimensional connected closed Riemannian manifolds 
with sectional curvatures bounded above in absolute value by A and diameters bounded above 
by D, for some D,A E M’*'. Let {X,p) be a limit point for {{Mi, gi)}'^^ in the measured 
Gromov-Haus dor jf topology. Suppose that for some r G M and alii G Z+, Ric{Mi,gi) > rgi. 
Suppose that X is an n-dimensional closed manifold. Put q = N — n. 

a. If q = 0 then X has Ric > rg in the generalized sense of Definition 1 below. 

b. If q > 0 then X has RiCg > r g in the generalized sense of Definition 1 below. 

Finally, we give a condition in terms of distances and masses that is eqnivalent to having 
Bakry-Emery tensor bonnded below by r. If (9 is a measurable subset of M, put 

vo4(C>) = f (pdvolM- (1-4) 

Jo 

Following [17, Section 5.45], we dehne the notion of a distance tube in M. Let Tq be a 
closed subset of M. A subset T C M containing Tq is a distance tube with base Tq if for 
all t eT, there is a segment s CT from some R E Tq to t with length l{s) = (i(t,To). For 
0 < Wi < ^ 2 , dehne the distance annulus 

A{ui,U2 ) = {tET : ui < d{t,To) < U 2 }. (1.5) 

Given c G M, put 


v{ui,U2,c) = 


g- + cx 


Theorem 4. Suppose that RiCoo{M, g,^) > r g for some r G M. Given numbers 0 < Ui < 
U2 < Uq, we assume that the tube T is a disjoint union of segments s, starting at Tq, of 
length at least uq. We also assume that vo 10 (A(m 2, ^3)) > 0. Suppose that for some c G M, 

V04(A(m2,«3)) ^ v { u 2, Uq , c ) 

Vo4(A(Mi,M2)) “ v{Ui,U 2 ,c)' 


(1.7) 
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Then there is a subtube T' C T consisting of a union of segments s from Tq, such that 

1 . 

Vo 4 (T' n A{ui,U 2 )) y ^ _ Vo10 (44 (m2 ,«3)) ^ ^U2,U3 ,c) \~^ 

vol^{A{ui,U2)) ~ vol^{A{ui,U2)) \v{ui,U2,c)) 

2. If a segment s C T, starting from Tq, intersects T' n A{u 2 , uq) then s C T', and 

3. For all > uq, 

Yo\^{T' n A{u3,Ui)) ^ v{u3,Ui,c) 

Vo4(T' n A(m2 ,M3)) “ t(m2 ,M3 ,c)‘ 

Conversely, suppose that there is a number r G M so that for each tube T and c G M 
satisfying (1-7), there is a subtube T' with the above properties. Then RiCoo(M, gf, 0) > r g. 

In Sections 2-5 we prove Theorems 1-4, respectively. In Section 6 we make some remarks. 
I thank Max Karoubi for his hospitality at the Universite de Paris VII, and Thierry 
Coulhon and Sasha Grigor’yan for their hospitality at the Institut Henri Poincare, while 
part of this research was performed. 


2. Proof of Theorem 1 


We hrst prove parts 1 and 2 of the theorem. If RiCoo > 0 then Ricg > 0 for some 
q G (0, cx)). Increasing q if necessary, we may assume without loss of generality that q is an 
integer greater than one. Thus for parts 1 and 2, it is enough to consider the case when 
RiCg > 0 or Ricg > 0 , for some integer q greater than one. 

2 

Given i G Z"*", consider x M with the warped product metric = g^ -\- i~'^(j)q g^'^. 

Let p : X M —M be the projection. Let X be the horizontal lift to x M of a vector 

held X on M and let G be a vertical vector held on x M. From [7, Proposition 9.106], 


Hess(0i)(X,X)^ 

I I ’ 
0 " / 

RicS^xM(^,^) _ Q 

Ric^'^^(17,17) = Ric^"(I7,77) + (JJ,U)p* (-^4^ - {q 

V 0^ 


Ric 


SixM 


{X,X)=p* Ric^{X,X) - q 


( 2 . 1 ) 



Taking i ^ oo, we see that if RiCg(M, g,(j)) > r g then (M, g^, (ff) is the limit of a sequence 
of (n -|- g)-dimensional manifolds with Ricci curvature bounded below by r. If r is positive 
then from Myers’ theorem, 7 ri(S"^ x M) = 7 ri(M) is hnite. This proves part 1 of the theorem. 

Now suppose that r > 0. For i large, the warped product metric on x M has 
nonnegative Ricci curvature. There is a /c > 0 so that 7 ri(S''^ x M) = 7 ri(M) has a hnite- 
index free abelian subgroup of rank k and the universal cover x M has an isometric 
splitting as x where Y is closed and simply-connected [12]. Gonsidering the 

cohomology groups of x M = x it follows that 

q + max{j ; W{M-, Z) 7 ^ 0 } = n + q — k. ( 2 . 2 ) 


Then k = n — max{j : H'^(M;Z) 7 ^ 0} < n, which proves part 2 of the theorem. 
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To prove the rest of the theorem, if is a vector held on M, let denote the dual 
1-form. If cT is a 1-form on M, let denote the dual vector held. Let iy denote interior 
multiplication with respect to V and let £y denote Lie diherentiation with respect to V. 

If T is a tensor held on M, let (T, T) G C°°{M) be the inner product coming from the 
Riemannian metric g. Put 

(T,T) = [ {T,T){m) 4>{m) dvolM{m). (2.3) 

J M 

Let {Q*{M),d) denote the de Rham complex of M. Let S be the formal adjoint of d with 
respect to the Riemannian metric g, i.e. in the case 0=1, and let 6 be the formal adjoint 
of d with respect to {•,■). Then 

Put A = dd + dd and A = dd + dd. Then 


A i(dln(f>)^d A (2.5) 

The Bochner identity says that if ct; is a 1-form then there is an equality of functions on 
M : 

-dd{uj,uj) = {uj,Auj) — (Va;,Vci;) — (ci;,Rica;). (2.6) 

On the other hand, 

1 . 1 


We have 


dd(din<i>)t9 = 2 Hess (In 0) 


( 2 . 8 ) 


Then 


-i(din<t>)td{uj,u) = (cT,£(rfin,/,)ja;) - (o;, Hess(ln 0) cr). (2.9) 

(The minus sign in (2.9) comes from the fact that the pairing is on 1-forms instead of vector 
helds.) Equations (2.4), (2.5), (2.6) and (2.9) give 


-dd{u,u) = {uj,Au) — (Vci;,Vci;) — (ct, RiCoo ci;). 

Multiplying (2.10) by 0 and integrating over M, we obtain 

0 = {uj,Au) — (Vo;, Vo;) — (ci;, RiCoo ci;). 


( 2 . 10 ) 

( 2 . 11 ) 


or 

{du, doj) + (duj, dui) — {Vui, Vui) = {ui, Ricoocu). (2-12) 

We can apply usual elliptic theory to the de Rham complex, with the inner product (•, •), 
to obtain an isomorphism 

H*(M;M) = : du = du = 0}. (2.13) 

If RiCoo > 0 and a 1-form u satishes du = du = 0 then (2.12) implies that Vci; = 0. 
Hence du = 0. Along with du = 0, (2.4) now implies that a;(grad(0)) = 0. Conversely, if 
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Vo; = a;(grad(0)) = 0 then du = 6u = 0. This proves the isomorphism in part 3 of the 
theorem. 

If bi(M) = n then there are n linearly-independent parallel 1-forms on M that annihilate 
grad((;/)). The usual argument shows that M is a flat torus. As the parallel 1-forms on M 
annihilate grad((;/)), 0 must be constant. This proves part 3 of the theorem. 

A pointwise algebraic computation shows that 

{du, du) + {C^^g, Coj^g) = 2 (Vo;, Vo;). (2.14) 

Then (2.12) becomes 

(Vo;, Vo;) -F (du, 6u) - {u, RiCoo cu) = {C^^g, C^^^g). (2.15) 

If RiCoo < 0 and Cyg = 0 then taking u = (2.15) implies that R = 0. Hence the 

isometry group of {M,g) is discrete and, being compact, must be finite. This proves part 4 
of thej^heorem. ^ 

If RiCoo < 0 and Cyg = 0 then (2.15) implies that VR** = 5R** = 0 . As before, we 
obtain that R0 = 0. This proves part 5 of the theorem. 

Remarks : ^ 

1. If we put uj = df in (2.10) then we recover the dehnition of RiCoo from [4]. 

2 . Jianguo Cao pointed out to me that a formula related to ( 2 . 12 ) has been used to study 
the (9-operator on complete Kahler manifolds [14, Theoreme 5.1]. 

3. The operator A is related to the Witten Laplacian of [22], but the two operators are 
distinct. To see the relation, note that 5 = (j)~^ 5(j). Put D = (f)^ d(l)~ ^ and D* = 0 “ 2 < 502 . 
Then the Witten Laplacian DD* + D*D is related to A by 

DD* + D*D = 05A0-i (2.16) 

The Bochner-type identity (2.12), when translated to a statement about DD* + D*D, 
becomes 

DD* + D*D = (^05V0"5y (^05V0-5j + mcoo, (2.17) 

where the adjoints are with respect to the unweighted L^-inner product. In contrast, in 
Morse-Witten theory one collects the terms differently, by writing DD* + D*D = V*V-|-.... 

4. The equality (2.12) gives a way of dehning the notion of RiCoo ^ r g for a class of non¬ 

smooth measured manifolds {M,g,(j)). Namely, suppose that M is a manifold whose transi¬ 
tion maps are C^’^-regular. Let 5 ^ be a Riemannian metric on M whose components, in local 
charts, are in fl where denotes the Sobolev space. Let 0 G C^{M) fl be 

a positive function. (There are a smooth manifold M' and a C^’^-diffeomorphism M' M. 
Hence after pulling back, if one wants then one can assume that g and 0 are dehned on a 
smooth manifold.) 
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Definition 1. We say that Ric{M,g) > r g if for all compactly-supported Lipschitz-regular 
1 -forms u on M, 


' M 


{duj, duj) dvo\M + I {du, 6u) dvolM — / (Vo;, Vo;) dvolM > r j {u, u) d'volM- 

(2.18) 


' M 


IM 


' M 


We say that RiCoo(M, gf, 0) > r g if for all compactly-supported Lipschitz-regular 1-forms u 
on M, 


{du, doj) + ((5a;, doj) — (Vu, Vo;) > r {u, u). 


(2.19) 


We say that RiCq(M, ^(,0) > r g if for all compactly-supported Lipschitz-regular 1-forms u 
on M, 


{du, doj) + {doj, doj) — (Vu, Vo;) 


Q J M 


(a;(Vln 0 ))^ cf dvolu > ''"(a;, oj). 


( 2 . 20 ) 


An immediate consequence of the definition is the following lemma. 


Lemma 1. Let M he a smooth closed manifold. 

1. If {gi\’^i is a seguence of smooth Riemannian metrics on M with Ric(M, ^(0 > r gi, 

and gi g for some H -regular metric g, then Ric(M, g) > r g. 

2. If 00}“]^ is a seguence of smooth Riemannian metrics and smooth positive functions 

on M with RiCoo(M, g^, 00 > r g^, and {gi, 00 {g^ 0 ) for some fl H^-regular pair 

{g,(p), thenRic^{M,g,(j)) > r g. 

3. If {{gi, 00}“]^ is a seguence of smooth Riemannian metrics and smooth positive functions 

on M with RiCg(M, g^, 00 > r gi, and {gi, 00 —> {g, 0) for some fl -regular pair 

{g,(t)), thenRiCq{M,g,(t)) > rg. 

For example, let {{Mi, 5 ' 0 }“i be a sequence of n-dimensional closed Riemannian manifolds 
with Ricci curvatures bounded below by r G M, injectivity radii bounded below by i^ G M"*" 
and diameters bounded above by D G M"*". Then {(Mj, 5 ( 0 }“^ has a limit point X in 
the Gromov-Hausdorff topology. From [1], X is an n-dimensional closed manifold with a 
Riemannian metric g that is IF^’^-regular for all p G [1, cxd). From the Sobolev embedding 
theorem, g is also G^’^-regular for all a G (0,1). After applying diffeomorphisms one has 
IR^’^’-convergence of a subsequence of {{Mi, gi)}fl^ to {X,g), and so Ric(X, 5 ;) > r g m. the 
sense of Dehnition 1. 

For another example, suppose that M is a compact Kahler manifold with local complex 
coordinates {z°'} and metric g^-g. Its Ricci form, in local coordinates, is the (1, l)-form 
— I (9(9 In det( 5 (). Now suppose that the g^g are only fl if ^-regular. The Kahler condition 
still makes sense distributionally, and the Ricci form makes sense as a closed (1, l)-current. 
Then Ric(M, 5 ;) > 0 in the sense of Dehnition 1 if and only if — | (9(91ndet(5() is a positive 
current. (This last condition makes sense for a much larger class of g.) 


3. Proof of Theorem 2 

We (mostly) use the notation of [7, Chapter 9]. If X is a vector held on B, let X be its 
horizontal lift to M. Let N be the mean curvature vector held to the hbers F. Let A be the 
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curvature of the horizontal distribution. Let T be the second fundamental form tensor of 
the hbers F. Let be the covariant derivative operator on M and let be the covariant 
derivative operator on B. From [7, (9.36c)], there is an identity of functions on M : 

Ric^(X,X) = Ric-®(X,X) - 2 (%>%) - {TX,TX) + (X, Vf iV) . 

(3.1) 


Given b E B, let {9t}te{-e,t) be the flow of X as dehned in a neighborhood of b and for t 
in some interval (—e, e). Let be the flow of X that covers 9t. It sends fibers to 

hbers diffeomorphically. Hence it makes sense to dehne C-x dvol p by 


dvoli?) 


Fb 


A 

dt 


(9t dvolp) 

t=o 


Fb 


(3.2) 


With our conventions, 


Cj^dvolp = — (X, iV) dvolp. 


(3.3) 


We have 


lB 



(j)^ dvolp. 


(3.4) 


Then 




= C.X I dvolp = I C-x dvolp) 


M, 



(X, N) 4,'") dvolf 


(3.5) 


and 


xx^,” 



. (X,N)4,'-<) . 

v(v,iv) y' 

(VfV.Af) - 
- (V.IV)) 


(X,iV) - (X,iV)0^)] dvoR 


(3.6) 


2 (X,iV) Xcj)^ + (X,iV)V^ 


dvoL 



(f)^ dxoXp- 
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Using the fact that V^X 


= [7, (9.25d)], it follows that 


Hess(0B)(X,X) = 


f rHess(0^)(X,X) 


(X,VMiV) 


— (X,iV)^ (p^ dvolp 


= / [Hess(ln0^)(X,X) - (X, Vf iV) 


(X,X)^ dvolp. 


Substituting (X,V^X) from (3.1) gives 

Ric^(X,X)0-® - Hess(0-®)(X,X) = / + 2 (%, %) + {TX,TX) 

.It? L /o 


- (X,x)^ (P^dvolp 


Using (3.5), 


Ric^(X,X) 0-® = Ric^(X,X) - 


Hess(0-®)(X,X) {XcP^y 


Ric^(X,X) + 2 (%,%) + {TX,TX) 


- {X,N)j dvolp 
{X,N)) (P^dvolF) {cp^) 


We have 


£^(0^(ivoR) = 


(X, X) 0^ dvolp. 


(3.10) 


By assumption, — (X, N) is constant on a hber F. Then 


Ric^(X,X)0^ = / [Ric^(X,X) + 2 (Rx,^x) + (TX,TX)j dvol^ 

^ (3.11) 


> / Ric3^(X, X) 0^ dvoR. 
J F 
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■ M 


B 


IfRiCo^(X,X) > r 5 f^(X,X) then (3.11) implies that RiCg^(X,X) > r g^{X,X). This 
proves Theorem 2.1. 

Now suppose that 0^ = 1. Equations (1.2) and (3.9) imply that 


B 


RicXX,X)0" = 


Ric^(X,X) + 2 (%,%) + (TX,TX) - ^ (X,X)' 


dvoli? 

(3.12) 


^ (l ~ D (- / ^ (/ 


As (.A, A) — — Tr (T.A), we know that {TX^TX) — k (A, A)^ > 0. By assumption, 
(A, A) is constant on a hber F. Then 


RicXX,X)0^ = 


Ric^(X,X) + 2 (%,%) + (TX,TX) - ^ (X,X)^ 


dvoR 

(3.13) 


> / Ric^(X,X) dvoR. 


-—^ M _ _ 

lfRic^(X,X) > r^"(X,X)then 


< F 
.Ml 


B 


RicXX,X)0" > r / R'"(X,X) dvoR = rg^{X,X) 


lB 


(3.14) 


This proves Theorem 2.2. 


Example : Let p : M —R be a Riemannian submersion, with M compact, whose 
hber transport preserves the hberwise metric up to multiplicative constants. Equivalently, 
the Riemannian metric g on M comes from starting with a submersion metric g' with to¬ 
tally geodesic hbers, along with a positive function / G C°°{B), and then multiplying the 
hberwise metric of g' on Fb by One can think of 5 ^ as a generalized warped product 

metric. 

Suppose that the hbers F have nonnegative Ricci curvature. For e > 0, let be the 
Riemannian metric on M which comes from multiplying the hberwise Riemannian metrics 
by e^. Then as e —> 0, the metrics g^ have Ricci curvatures that are uniformly bounded 
below. Explicitly, let X be the horizontal lift of a vector held X on R and let R be a 
vertical vector held. Then as e —0, with the notation of [7, Chapter 9], 

Ricf (X,X) ~p*Ric-®(X,X) - (TX,TX) + (X,V^X), (3.15) 

Ricf (X,R) ~ 0 

Ricf (R,R) ~ Ric^(R,R) + (^(6T){U,U) - {N,TjjU)^ . 

(The terms on the right-hand-side of (3.15) are evaluated with respect to the metric gi.) 
This is an example of a collapse with Ricci curvature bounded below, to which Theorem 2.2 
applies. 

For another example, let M be a compact Riemannian manifold on which a Lie group G 
acts isometrically and ehectively. Suppose that the G-action on M has a single orbit type 
and put R = G\M. Then there is a natural Riemannian submersion p : M ^ B. As the 
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orbits of the G-action on M are all G-diffeomorphic to a homogeneous space G/ H, and G /H 
has a unique G-invariant volume form up to constants, it follows that the hber transport 
of the Riemannian submersion preserves measures up to constants. Hence Theorem 2.2 
applies. 


4. Proof of Theorem 3 

We refer to [15] for the dehnition of the measured Gromov-Hausdorff topology. 

To prove Theorem 3.1, we just apply the warped product construction of the proof of 
Theorem 1.1 to x B. 

Let {Mi, be a sequence as in the statement of Theorem 3.2. We may assume that 

limj^oo(dLj, gfj, dvolj) = (W,/i) in the measured Gromov-Hausdorff topology. If g = 0 
then X is a smooth manifold with a G^’“-regular metric and after taking a subsequence 
and applying diffeomorphisms, we may assume that {Mi,gi) converges to {X,g^) in the 
G^’“-topology (see, for example, [18]). In this case, the theorem follows from Lemma 1.1. 

Suppose that g > 0. By saying that X is a manifold, we mean that in the construction of 
X as a quotient space X/0{N) [16], the action of 0{N) on the manifold X has a single orbit 
type. Then X has the structure of a smooth manifold with a G^’“-regular pair {g^, 4>^)- 

For any e > 0, we can apply smoothing results of Abresch and others [11, Theorem 1.12] 
to obtain new metrics gi{e) with 

e~^gi < gi{e) < gi, (4.1) 

I'^gi ~ ^3ih)l — 

|Vj^(,)Riem(M„g,(6))| < Ck{N,e,A), 

where the constants are uniform. We can also assume that Ric(Mj, gi{e)) > (r — e)gj(e) [13, 
Remark 2, p. 51]. (See [21, Theorem 2.1] for a similar statement about sectional curvature.) 
For small e, let B{e) be a Gromov-Hausdorff limit of a subsequence of {(Mj, gj(e))})T]^. We 
relabel the subsequence as {{Mi, gi{e))}°Zi- From [11, Proposition 4.9], for large i, there is 
a small G^-perturbation g((e) of gi{e) which is invariant with respect to a Xi/-structure. In 
particular, we may assume that Ric(Mj, g'(e)) > (r — 2e)g'(e). Now (Mj,g'(e)) is the total 
space of a Riemannian submersion Mi B (e) with infranil hbers and affine holonomy. Let 

denote the induced metric and measure on B{e). As the hber transport of 
the Riemannian submersion preserves the affine-parallel volume forms of the hbers, up to 
constants. Theorem 2.2 implies that RiCg ^R(e), gf0fj > (r — 2 e) Varying i 

and e, we can extract a subsequence of | (^B{e), gf^^\ j | with i ^ oo and e —0 that 
converges in the G^’"-topology to {X, g ^The theorem now follows from Lemma 1.3. 

5. Proof of Theorem 4 

Let s be a segment from to E Tq to t E T, with length l{s) > U 3 and arc-length 
parameter u. By dehnition, s is length-minimizing. We can decompose the measure (pdvolM 
on A{ui,U 4 ) as 0areas(M) dufi{s), where /i is a measure on the space S of distinct segments 
s that make up A{ui,U 4 ), du is the length measure along a segment s and areas(M) is the 
relative size of the transverse Riemannian area density along s, as measured with respect 
to the fan of segments. Let h denote the trace of the second fundamental form H of a level 
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set of constant distance from Tq. (With our conventions, the boundary of the unit ball in 
M"" has positive mean curvature.) Differentiating along s, with respect to u, gives 



^ fAr \ r \\ <9n(0(M) area^(M)) . 25 , 0,-25 

du\n{(j){u) aieas{u)) = 2 55 = + du\n(j){u) 

(p[u) area(M)) 

(5.1) 

and 

d‘l^\n{(p{u) axeci.a{u)) = duh{u) + dl\n(j){u). 

(5.2) 

From the Riccati equation for If, 



duh{u) = -Tr(n^) - Ric(9„,9„) < -Ric(9„,9„). 

(5.3) 

Then 

dl\n{(l){u) die&s{u)) < - RiCoo(<9n, < - r. 

(5.4) 

Hence for any c G M, 



dl (\n {(l){u) areas{u)) + — cu^ <0. 

(5.5) 

Fix 

s and put 



a{u) = (j){u) areas(M), 

(5.6) 


a{u) = e- 

(5.7) 



(5.8) 

(5.9) 

(5.10) 

(5.11) 


(5.12) 



SOME GEOMETRIC PROPERTIES OF THE BAKRY-EMERY-RICCI TENSOR 
which is a contradiction. Thus 


13 


a{u 2 ) ^ a(«3) 
a{u 2 ) a{u'i) 


(5.13) 


With the concavity of In (|), (5.13) implies that is decreasing in m for m < U 2 and so 

IT m 

a{u) du ^ 0 (^ 2 ) 

The concavity of In (|) and (5.13) also imply that 


(5.14) 


a{u2) Pul m 

a{u 2 ) a{u) du 


Thus we have 

CUSSM”'" aju,) J"i}S(n)du 

a{u) du a{u 2 ) a{u) du ’ 

which contradicts the assumption. 

Lemma 3. If then for U 4 G {u 3 ,l(s)), 

Proof. For u G (m 3 ,/(s)), put 


(5.15) 

(5.16) 
□ 


Then 


Ffu) = 


F(u) = In (!<“»■ 

\V{U3, 

u) /V{U 2 ,U 3 )\ 
u)/ V{U 2 ,U 3 )) ' 


(5.17) 

a{u) a{u) 

a{u) 

a{u) 

m(m3,m)] 

(5.18) 

m(m3,m) v{u3,u) 

m(m3,m) 

a{u) 

CO 


u = M 3 , with 

T(.a 3 )=ln(^/?ih^). (5.19) 

Va(M3)/ V{U2,U3)J 

By Lemma 2, F^u^) < 0. It follows that F{u) < 0 for all u G (m 3 ,/(s)), which proves the 


lemma 
We have 


Put 


Vo4(v4(m2,M3)) 

_ !s dp{s) 

(5.20) 

Vo10(v4(mi,M2)) 

f^Vs(Ui,U 2 ) d/.l(s) 

5' = |s G .S 

Vs(u2,U3) ^ ^U2,U3)] 

Vs(Ui,U2) " v(Ui,U2) j 

(5.21) 


r = [J s. 

sGS' 

(5.22) 


and 
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We claim that (1.8) is satisfied. If it is not satisfied, put S" = S — S' and T" = T — T'. 
Then 

vol0(T'^ n A{ui,U2)) ^ vo4(A(m2,M3)) 23) 

Vol0(yl(Mi,M2)) Vo10(A(mi,M2)) \v{ui,U2) J 

However, from the definition of T", 


Vo 4 (H(m 2 ,M 3 )) > Vo 4 (T" n H(m 2 ,M 3 )) = 


Vs{u2,U^) 

Vs{Ui,U2) 


Vs{ui,U 2 ) dfi{s) 


(5.24) 


> 


v{u2i U 3 ) / \ ^ f \ ^(^2) ^^ 3 ) 1 (rpn /11 M 

v^[ux,U 2 ) dn{s) = ^777—:7N-vo4(T nA[ui,U 2 )), 


ls„ V[Ui,U2) 


v{Ui,U2) 


which contradicts (5.23). 

If there is a cutpoint along s, with respect to its basepoint in Tq, at Uc G (m 3 ,M 4 ) then 
we put Vs{u 3 ,U 4 ) = as{u) du, and otherwise we put Vsiu^^u^^ = as{u) du. Using 
Lemma 3, 


V04(T^nH(M3,M4)) _ fs' ^s{u 2,U3.) d^{s) ^ v,{u3,U4) 25) 

Vo4(T' n H(m 2 ,M 3 )) Jg,Vs{u 2 ,U 3 ) dfi{s) ~ Vs{u 2 ,U 3 )' 

This proves the first part of the theorem. 

Suppose that there is a number r G M so that for each tube T and c G M satisfying (1.7), 
there is a subtube T' satisfying the properties of the theorem. Given m ^ M and a unit 
vector V G T^M, let Tq be a hypersurface passing through m such that T^^Tq) = t-*- and 
the second fundamental form of Tq at m vanishes. Let s be a minimizing segment with 
s(0) = m and s'(0) = v. From (5.1), 


d 

du 


u=0 


(ln( 0 (M) area(M)) = ^(In^). 


From (5.2) and the Riccati equation, 

du^ 


U=(} 


(\n{(f){u) aiea^u)) = — RiCoo(T,T) 


Put Cq = T(ln0) and vq = RiCoo(T,T). Then for small u, 

ln(())(M) area(M)) 

For small Ui < U 2 < U 3 < M 4 , we have 


ln(())(M) area(M)) ~ const. + cqu — -^u^. 


and 


V{U2,U3) 

v{Ui,U2) 

V{U3,U4) 


fua 

JU2 
ru2 
Jui 

r 

J u 


'■“4g-m„2 + C0«^^ 

IU3 


viu2,U3) + 

JU2 


(5.26) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 


Take T to be a small tube around s (with small base Tq), take U 3 small relative to U 4 and 
take c = Co + e with e > 0 small so that (1.7) holds. If there is to be a subtube T' such 
that (1.9) holds, for all such choices, then we must have vq > r. This proves the theorem. 
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6. Remarks 

1. If M"" is compact and RiCg > r g, with q an integer greater than one, then Theorem 
3.1 says that {M,g,(j)) is the limit of a sequence of (n + g)-dimensional manifolds with 
Ricci curvature bounded below by r. As in the proof of Theorem 1.2, we can then apply 
standard results about manifolds with Ricci curvature bounded below, in order to obtain 
conclusions about {M,g,(j)). For example, applying the Bishop-Gromov inequality to the 
(n -|- g)-dimensional manifolds and taking the limit, we obtain a Bishop-Gromov-type in¬ 
equality for the measures of the distance balls in M. Namely, let vol^ denote the weighted 

measure. Then for 0 < < U 2 , is less than or equal to the corresponding 

quantity in the (n -|- g)-dimensional space form of Ricci curvature r. If r > 0 then applying 
Myers’ theorem to the (n -|- g)-dimensional manifolds and taking the limit, we obtain that 

diam(M) < ttT his gives alternative proofs of some results of Qian [20, Gorollary 
2 and Theorem 5] in the special case when g is an integer greater than one. (The results of 
[20] are valid for all positive g.) One can also show that if RiCg > r g with g G (0, cx)) then 
{M,g,(j)) satishes the directional Bishop-Gromov inequality of [8, (A.2.2)] with respect to a 
model space of formal dimension n + q. 


2. Similarly, if g is an integer greater than one then there are Sobolev inequalities for 
the (n -|- g)-dimensional collapsing manifolds [6, Theorem 3, p. 397]. Applying these in¬ 
equalities to functions that pullback from M, we obtain weighted Sobolev inequalities for M. 
Namely, put V = (j) cIvoIm- Given a,/3 E [1, cxd) such that a < let E(n-|-g; a,/5) 

be the Sobolev constant of the standard (n -|- g)-sphere dehned by 


S(n -|- g; a, {3) = sup 


/ 


dfh 


f E ^ 0, / / = 0 


f S'^+Q 


Then if RiCg(M, g, 0) > ^"*^2 ^ 9, we have 
/“ 0 dvolM^ <T,{n + q;a,P)R 


R 


d 


1 _ 1 

a /3 


1 _ 1 
V a f3 


/ VVo1(^"+Q; \Jm 

[ dvo\M 

'm 

for / G IF^’^(M). In the case P = 2, these inequalities appeared in [3]. 


|V/|^0dvol 


M 


( 6 . 1 ) 


+ 

( 6 . 2 ) 


3. From the Bishop-Gromov-type inequalities, one can easily show that for any q,D E M"*" 
and r G M, the space of Riemannian manifolds (M, g) with a smooth positive probabil¬ 
ity measure p dvolM satisfying RiCg(M, g,0) > r g and diam(M, g) < D, taken modulo 
diffeomorphisms, is precompact in the measured Gromov-Hausdorff topology. 

/ \ ri+q 

Since the relative volume in of Bu 2 and is ( j , we cannot expect any Bishop- 

Gromov-type comparison theorem for the masses of balls in spaces with RiCoo bounded be¬ 
low, i.e. when g —cx) in Ricg. However, it is interesting that spaces with RiCoo P f 9 for 
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r > 0 do admit isoperimetric inequalities [5]. 

4. It is an interesting question whether there is a good synthetic notion of a metric-measure 
space with Ricci curvature bounded below, in analogy to the notion of an Alexandrov space 
with curvature bounded below. See [8, Appendix 2] for discussion. It is clear from Theo¬ 
rem 3.1 that triples {M,g,(j)) with Ricg > r g are examples of metric-measure spaces with 
generalized Ricci curvature bounded below by r, at least if q is an integer greater than one. 

There are various ways that one could try to extend the notion of Ricci curvature bounded 
below, from smooth metric-measure spaces to more general metric-measure spaces. One 
could £x g G (0, cx)) and try to extend the notion of having Ricg > r g. Or one could 
consider all q simultaneously, and say in particular that a triple (M, g, 0) has generalized 
Ricci curvature bounded below by r if Ricg > rg for some q G (0, cx)). Or one could consider 
a triple (M, g, 0) to have generalized Ricci curvature bounded below by r if RiCoo > r g. 

We note that there is a difference between having RiCg > r g for some q G (0, cx) and 
having RiCoo > l g. For example, if r > 0 and RiCg > r g for some q G (0, cx) then M 
is compact [20, Theorem 5], whereas if RiCoo > then M can be noncompact (as in the 
case of M with 0(a;) = e“ 5 *^.) It is also easy to see that triples (M, g, 0) with RiCoo > 0 
generally do not satisfy the splitting principle. 

If one does consider a triple {M,g,(j)) with RiCoo > r g to be an admissible space with 
generalized Ricci curvature bounded below by r then one has a large class of examples. For 
instance, from this viewpoint it would be reasonable to say that flat M"" with the measure 
e~^ dxi ... dxn has nonnegative generalized Ricci curvature if V is any convex function on 
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